The static and dynamic response associated with a low concentration x of static defects in a Heisenberg antiferromagnet at zero temperature is analyzed within linearized spin-wave theory via a boson formalism involving a non-Hermitian potential. We obtain the dispersion relation for long-wavelength spin waves in the form ω(q)=c(x)q+iγ(x)q τ . Our results for c(x) agree with previous work and, in particular, give c(x)=c(0) [1-αx+O(x 2 )], where the coefficient α, which can be related to the helicity modulus and the uniform perpendicular susceptibility, diverges in the limit d→2, where d is the spatial dimensionality. One major result is that τ=d-1 for defects whose spin S' is different from that (S) of the host lattice and τ=d+1 when S'=S. Thus d=2 (which is the case for the copper oxide antiferromagnets) is the lower critical dimension at which infrared divergences affect the dynamic response due to vacancies (S'=0). To elucidate our results we consider the way the antiferromagnetic symmetry is broken when defects occur unequally on the two sublattices, and our results are consistent with previous general hydrodynamic arguments. We give detailed expressions for the actual spin susceptibility in terms of the boson response function. We also consider how defects affect the zero-point contribution to magnetization and density of states. The static and dynamic response associated with a low concentration x of static defects in a Heisenberg antiferromagnet at zero temperature is analyzed within linearized spin-wave theory via a boson formalism involving a non-Hermitian potential. We obtain the dispersion relation for longwavelength spin waves in the form cu(q) = c(x)q+ ip(x)q . Our results for c(x) agree with previous work and, in particular, give c(x) = c(0)[1 -ax + O(x )], where the coefficient a, which can be related to the helicity modulus and the uniform perpendicular susceptibility, diverges in the limit d -+ 2, where d is the spatial dimensionality. One major result is that 7 = d -1 for defects whose spin S' is different from that (S) of the host lattice and r = d + 1 when S' = S. Thus d = 2 (which is the case for the copper oxide antiferromagnets) is the lower critical dimension at which infrared divergences affect the dynamic response due to vacancies (S' = 0). To elucidate our results we consider the way the antiferromagnetic symmetry is broken when defects occur unequally on the two sublattices, and our results are consistent with previous general hydrodynamic arguments. We give detailed expressions for the actual spin susceptibility in terms of the boson response function. We also consider how defects aR'ect the zero-point contribution to magnetization and density of states.
I. INTRODUCTION
The problem of impurities in a magnetic insulator was at the forefront of condensed matter research some 20 years ago. This problem has recently been reexamined in response to the interest in the magnetic properties of systems like lanthanum cuprate, which, when appropriately doped, give rise to high-temperature superconductors. Here our main objective is to study the effect of defects on a Heisenberg antiferromagnet at zero temperature. By a defect we mean the perturbation to the Hamiltonian caused by the introduction of an impurity which has a spin S' which may differ from that, S, of the host and whose coupling to the host, J', may also differ from that, J, between nearest neighbors in the pure host system. The perturbation associated with such a defect is limited to the impurity site and its shell of nearest neighbors.
The method to obtain the exact solution for a single defect of finite spatial extent was developeds in the late 1960s and was subsequently applied in great detail to treat the case of a low concentration of defects in a ferromagnet. 4' In some early works the singledefect problem was expressed in terms of boson operators by using the Holstein-Primakoff transformation. Although correct answers were obtained by this method, later work using the equations of motion implied, as we shall see, that a better boson potential, patterned after the Dyson-Maleev potential for spin -wave interactions, displays explicitly the fact that the scattering and, as we shall see, the scattering potential at long wavelength is of order v(q, q') qs, which leads to the imaginary part of the energy, or the damping rate being given by3 - 6, 8, 16 I'(q; x)/(2JS) = Px(aq) "+2, (l.lb) where n and P are constants. (Both here and for the antiferromagnet we trivially extend previous results to arbitrary spatial dimension. ) When applied to the vacancy case, the result in Eq. (l.la) was shown to be closely related to that for the randomly diluted resistor network. ' In fact, for the generic defect problem, cross section vanishes in the long -wavelength limit. The only slightly controversial point in this early work concerned the best way to project out the impurity site for the case of a vacancy. When the single -defect solution was extended to treat higher defect concentrations of vacant bonds using an approximation equivalent to the coherent potential approximation~s~4 (CPA), difficulties were encountered~2 due to spurious resonances on the vacancy sites. These difBculties were overcome 5 by introduction of a hard core potential on the impurity site, the effect of which was to move the spurious resonance to infinite energy.
To summarize these results, for a low concentration, x, of defects in a ferromagnet on a d -dimensional hypercubic lattice, the spin -wave energies are given by E(q;x) = 2JSa~q [1 -ax+ 0(x )j = D(x)a q (l.la) 0163-1829/93/48(2) developed a scaling theory to describe the singular damping of spin waves in the vicinity of the percolation threshold.
The situation for defects in the antiferromagnetic Heisenberg (AFH) model is similar, but as we shall see, the results are not quite as definitive. In this case the properties of defects were of interest in view of the suggestions of Marshall and of Lovesey that the diffuse scattering due to zero-point motion should be observable in mixed magnetic crystals. At the same time Tonegawa used a method equivalent to that of Koster and Slater to give a detailed study, within linear spin -wave theory, of possible spin -wave bound states due to the presence of a single defect. Subsequently, the distribution of zeropoint spin deviation near an impurity was studied in some detail by Solyom and Bergov. Edwards and Jones 9 (EJ) used the spin-wave equations of motion to discuss the effect of vacancies on the elementary excitation spectrum, but instead of resumming perturbation theory, as in the Koster-Slater approach, they worked only up to second order in the defect perturbation. Nevertheless, in principle, they should have obtained qualitatively correct results, as we will discuss later. They found that r(&; x) -x(aq)"+'+ O(x') .
( 1 7) Later, in the course of analytic and numerical work to systems of experimental relevance, some results in con-H. ict with Eq. (1.7) were found. For instance, it was found that in two dimensions the damping rate that became independent of q was the q -+ 0 limit and was thus not negligible in comparison to E(q;x) in this limit. Also a low-frequency divergence in the "constant" p in Eq.
(1.5) was identified. (This divergence was implied by the results of E3, but they did not specifically consider applying their result to the case d = 2. ) Also argumentsso were given by Harris and Kirkpatrick (HK) that the perpendicular susceptibility was anomalous in the presence of dilution, due to the creation of local regions which had a net ferromagnetic moment. In fact, it is intuitively quite clear that vacancies for the antiferromagnet give rise to local Huctuating ferromagnetic regions which in turn amount to creation of a local gap as one would expect in a ferrimagnet having two sublattices of difFerent spin. In the ferromagnet, there is no question of a local gap, as dilution does not change the symmetry, even locally. In the antiferromagnet, the symmetry between sublattices is only recovered on average: locally one has a ferrimagnet with one acoustic mode and one optical mode at long wavelength.
Prom the work of HK it is therefore clear that the lower critical dimension for the zero-temperature dynamics of an antiferromagnet is two, An explicit result for the damping due to vacancies was given by HK, but the details of the calculation were perhaps too brief. In fact, earlier work for the case of a vacancy defect also disagreed with the result of EJ (Ref. 29) Kumar. We find that for defects, such as a vacancy, whose spin differs from that of the host, I'(q;x) = 2zJSzp&(aq)" +O(x ), S' g S, (1.8a) where for defects with spin equal to that of the host we find I'(q;x) = 2zJSxP2(aq)"+ +O(x ), S' = S, (1.8b) Just as for the ferromagnet, the vacancy limit for defects in an antiferromagnet is an interesting special case.
As we shall see, there are several ways to obtain the vacancy case by suitably adjusting the parameters. One way, clearly, is to set the defect spin S' = 0. The equations of motion method, introduced by EJ (Ref. 29) and used by Jones for the ferromagnet, amounts to this choice with J = J. This choice is also equivalent to the treatment of Bulot et al.~In where TR« is the T matrix for a defect at site R". Here and below lower case position vectors such as r and r' are taken relative to the defect position, i.e. , they assume the value 0 or any of the z nearest-neighbor vectors 6. Also TR (r, r'; E) = VR (r, r') + ) V~(r, r")G (r", r'"; E)TR, (r'", r'; E), (2.8) which has a Fourier transform T(q q' E) = ) e' +'''~+' 'T&(r, r';E) . (2.9) 
x g (R, , R';E) + ) e(R,")g (R,, R" + r")tn«(r", r"')g (R, "+r"', R') . [(j-1 Summing over all repeated s-wave scattering from a single defect on the A sublattice gives the s-wave part of the 2 x 2 (dimensionless) t matrix, t, as tR', A(q, q') = 2R', A(q, q') + N ). 2R', A(q, q")g"'(q")~R', A(q", q') q// +N2 ). -ReA(q q")g"'(q") RGA(q" q"')g"'(q"')~ReA(q"' q') +" (2.17a) and (2.17b). For a square-centered lattice P(" ) (q) 2 sin(q a/2) cos(q"a/2) and for a body-centered-cubic lattice P(" ) (q) = v 8 sin(q~a/2) cos(q"a/2) cos(q, a/2). In matrix representation we have the analog of Eq. (3.18): g(q, q') = la(q)) (p(q') I (3.28) where lp(q)) is the two -component vector (m~, -l~).
Summing over repeated scatterings we find that 3a) and (4.3b) it should be noted that P(»(q)z/e~is independent of q in the limit q -+ 0, so that defects in regime I merely renormalize the spin -wave velocity. In Eqs. (4.3a) and (4.3b) we see a divergence in the limit j -+ 0. This divergence reflects the divergence in y~w hen the coupling of a defect spin to the host becomes arbitrarily weak. But, as discussed for the ferromagnet (see Fig. 1 (S g S') is that in the former case the antiferromagnetic symmetry between sublattices is preserved in each unit cell, whereas in the latter case the antiferromagnetic symmetry is only preserved on the average. The Huctuations which locally destroy the antiferromagnetic sym-1050 C. C. WAN Within the low concentration expansion we only see this anomaly for d = 2. There seem not to be previous calculations of the damping due exclusively to a force constant defect, i.e. , for our case I, where s = 1. There one has very weak scattering which is comparable to that in the ferromagnet and then one has Ime~~q "+i.
In the remainder of this section, we would like to remark on some extensions of our theory. We first point out that our result for the damping of spin wave due to vacancies also applies to the case of bond dilution. However, for bond dilution the calculations would be much more dificult. Consider a system with a concentration p of randomly removed bonds. To low order in p removing bonds does not remove a spin, so in low order results analogous to case I will be found. However, at order p' one will begin to see the efFects of removing a site, when all its z neighboring bonds happen to be removed. At this level, results characteristic of case II will appear. Thus, for bond dilution we expect the damping at small p to be of the form I'(q, p) -pC' i(p) q"+' + + &. p'q" ', (4.19) where C" is a constant. Therefore at small enough q, the q" damping will dominate. Thus the q" damping is a general feature for diluted AFH systems.
Secondly, based on our calculation, the dynamical scaling theory for the AFH system by Christou and Stinchcombess (CS) has to be modified. The CS theory was based on the calculation by EJ (Ref. 29) which, as we have pointed out, incorrectly gives q"+ damping.
To apply our result to the scaling properties, we will use a simpler approach than that of CS. The dispersion relation for the antiferromagnetic case is so we find the same relation for z as did CS. The scaling for the damping rate is therefore found to be
As in the CS paper, we can go further to write F(q, () oc (x -x, ) "q" ', (4.25b)
V. STATIC AND LOW-FREQUENCY PROPERTIES
In this section we will apply our results for the various low-frequency and static properties. First we consider the zero -point motion induced by the defect.
We first consider the total moment on the A sublattice, when there is a single defect located somewhere on the A sublattice. This quantity is given by
( 5.1b) where ( is the correlation length, and according to HK, w can be expressed as~= t -P -(d -2) v. We then apply the dynamic scaling principle of Halperin and Hohenberg, in order to get a relation consistent with (4.20). Thus, omitting amplitude factors we writẽ (q) = q'f(q() = q'(q' '(' '+~q" ' '(" ' ') . where limz p ui(q) = const x q and u2 = ui + xC(q) .
In this way we obtain the spin-wave pole discussed above and also the pole shifted away from the local excitation energy given by Tonegawa.
VI. CONCLUSION
In this paper we have studied the quantum Heisenberg antiferromagnet in d spatial dimensions at zero temperature in the presence of defect sites. We have allovred the defects to have arbitrary spin and coupling constant to the neighbor host sites. We treat the low concentration limit, but for some applications vre allow the concentration of defects x to be different on the two sublattices, A and B. Thus vre do not necessarily require x~--x~. Of course, when x~g x~we are dealing with a ferrimagnet.
Our principle results are as follows.
(1) Our treatment is sufficient to obtain dispersion relations for the case when x~g x~which lead to a ferromagnetic acoustic mode and an optical mode, both of whose frequencies agree with the predictions of continuum theory. Also 
It is easily shown that this integral gives a contribution of order r = r " which must be added to that of Eq.
